Introduction
Flow separation occurring in piping systems has received much attention because it determines the energy losses, pressure coefficients, flow contraction coefficients and forces on components such as pipes, valves, tees and bends.
When a fluid passes a bend, it is likely to separate from the inner corner (see Fig. 1 ). The size of the separation void depends on the Reynolds number of the flow and the geometry of the bend. To model the flow separation problem, there are two possible ways to go. One is to use potential flow theory and the other is to solve numerically the full Navier-Stokes equations. Although the energy losses resulting from separation cannot be directly predicted by potential flow theory, a good estimate of the size of the separation region, the velocity gradients and the pressure distribution can be obtained. The potential flow solution usually agrees well with that of a high Reynolds flow. One can predict the energy dissipation resulting from flow separation through solving the Navier-Stokes equations. Such solutions can be quite difficult to obtain because of turbulence and because the separation streamline is not known in advance. Therefore, only potential flow theory applied to flow separation in bends is considered herein and briefly reviewed below. Using conformal mapping and Roshko's free-streamline theory [1] , Lichtarowicz and Markland [2] solved the potential flow round a right-angled elbow for two different ratios of the channel widths R b := s/b (see Fig. 1 ).
In Roshko's model, separation is introduced through a free streamline that divides the flow in the bend into two regions: 1) the main flow where the velocity is continuous and possesses a potential, and 2) a secondary region extending theoretically to infinity. The separated free streamline is assumed to start from point C, curve gradually until its direction is that of the secondary flow and then remain straight and parallel to the wall. The position of the conjuncture point E and the velocity along the streamline V s are functions of the ratio of the velocity at the separation point to the velocity far downstream. By mapping the physical plane onto a hodograph domain, Mankbadi and Zaki [3] studied the flow patterns in symmetric and asymmetric bends with various turning angles β (see Fig. 2 ). In contrast to Lichtarowicz and Markland [2] , Kirchhoff's free-streamline theory has been used in [3] . In Kirchhoff's theory, the curved free streamline starts from point C and asymptotically extends to infinity. That is, there is no second flow region as in Roshko's model. The velocity on the free streamline CE ′ is assumed to remain constant and is equal to that of the downstream flow, i.e. V s = V d . The hodograph transformation method used in [3, 4] is efficient for two-dimensional and axisymmetric problems [4, 5] . According to Hassenpflug [6] , when the liquid is at very high Reynolds numbers and the region adjacent to the free streamline is gas, the model is a good description of the actual physical flow. However, the solution procedure of the indirect hodograph method is rather restrictive [4] , and in practice it is difficult to impose the boundary conditions as assumed in the theory [6] .
During the early developments (1980s) of the smoothed particle hydrodynamics (SPH) method, it was mainly applied to compressible astrophysical flows [7] . Today SPH is used to model the collapse and formulation of galaxies, coalescence of black holes with neutron stars, detonations in white dwarfs and even the evolution of the universe [8, 9] . At the beginning of the 1990s, SPH was extended to model high velocity impact problems of solids [10] and incompressible free-surface flows [11] . Now SPH is used to simulate a vast range of fluid dynamic problems as shown in the recent reviews [12, 13] . However, there is not much published work on SPH applications to pipe related flows, which are generally treated as 1D problems. For 1D flows, SPH has less advantage over traditional mesh-based methods than for 2D and 3D flows. The most studied case is the shock tube problem [7, 8, 14] . Lastiwka et al. [15] used SPH for 1D compressible nozzle flows. Recently, it was successfully employed to model rapid pipe filling [16] , water hammer [17] and slug impact [18] . The SPH simulations of the 2D impinging jet on an inclined wall [19, 20, 21] have close relationship with the problem considered herein.
The SPH method is applied in this paper to study flow separation at bends with various aspect ratios R b ( Fig. 1 ) and turning angles β (Fig. 2) . The SPH approximations discretize the spatial derivatives through particles that move with the flow. The flow properties carried by the moving particles are computed from interaction with their neighbouring particles. A priori connectivity between the particles is not required. As free surfaces are naturally captured and represented by moving particles, the dedicated surface tracking techniques encountered in traditional mesh-based methods are not needed.
The paper is organized as follows. Section 2 presents the discrete SPH equations describing inviscid flow. The numerical treatment of various boundary conditions is described and several important aspects of the numerical implementation are discussed. In Section 3, the obtained numerical results are compared with theoretical results. Concluding remarks are given in Section 4.
SPH fluid dynamics
The SPH equations describe the evolution of the flow and the motion of material points that are referred to as particles. Each particle, e.g. particle labeled a, carries a constant mass m a , and a time-dependent density ρ a , pressure p a and velocity v a . The particle changes its position r a according to the flow velocity. In contrast to traditional Eulerian methods, SPH is a Lagrangian particle solver where the particle connectivity evolves with time and needs to be determined by a particle search. The SPH equations for a compressible gas are described in [7] . Herein the SPH equations for a weakly compressible inviscid fluid are presented. More details can be found in the recent review [13] .
Discrete SPH equations
The definition sketches of a separated flow inside a right-angled bend and a symmetric bend with an arbitrary turning angle β are shown in Figs. 1 and 2 , respectively. The fluid flows in the bend from the inlet BB ′ to the outlet DD ′ . Two outer walls BA and AD, and two inner walls B ′ C and CD ′ , form the fixed boundaries. At point C the flow separates from the wall and follows the curved free streamline CE ′ . The flow is assumed to be two-dimensional and the modeled fluid is weakly compressible and inviscid. There is no gravity, so that Figs. 1 and 2 are top views. The problem is governed by the Euler equations, which in discrete SPH form read [11, 13] :
In the discrete SPH continuity equation (1), subscripts a and b denote a reference particle a and its neighbours b;
is the kernel (see Section 2.3); ∇ a W ab is the gradient of the kernel taken with respect to the position of particle a. The smoothing length h is a size scale of the kernel support and determines the degree that a particle interacts with its neighbours. In the discrete SPH momentum equation (2), Π ab is an artificial viscous term that has the general form
in which c 0 is the speed of sound, r ab := r a − r b , r ab := |r ab |,ρ ab := (ρ a + ρ b )/2, and α is a problem-dependent constant [7, 11] . Here we take α = 0.1 as proposed in [20] for free-surface flows. This artificial term produces a shear and bulk viscosity in the flow.
To close the system, the gauge pressure of particle a correlates to its density by an equation of state [22] ,
where ρ 0 is the fluid density at a reference pressure. The value of c 0 needs some care as explained below. For hydraulic and acoustic pressure variations, the relative density variation δρ/ρ is proportional to Ma 2 [11] and Ma, respectively, where Ma := V/c 0 is the Mach number and V is a typical convective velocity. Since V is generally two or three orders of magnitude smaller than c 0 , δρ/ρ is extremely small. In SPH, incompressible and weakly compressible fluids are approximated by an artificial fluid which is much more compressible. The relative density variation δρ/ρ is generally taken to be about 1% by using an artificial speed of sound c 0 . After the estimation of a typical velocity V, e.g. the inflow velocity in this study, a suitable choice of c 0 produces the desired density variation of about 1%. 
Boundary conditions
For the problems considered herein, four types of boundary conditions need to be numerically treated. They are the free-slip wall, free surface, inlet and outlet. The mathematical statements of these boundary conditions can be found in e.g. [21, 23] . Here we briefly discuss their treatment in SPH; further details can be found in [21] .
There are several methods to deal with the free-slip wall condition. The wall particle method [11] is easy to implement and useful for irregular boundaries. It used to be popular but is rarely used now, because nonphysical shear stresses may occur. The fixed ghost particle method proposed by Morris et al. [22] is another choice. It was mainly used for no-slip boundary conditions, and its recent extension to free-slip walls using interpolation and extrapolation techniques is detailed in [24] . Based on an idea similar to the fixed ghost particle method, Adami et al. [25] recently proposed a new approach. Another common way to enforce the free-slip condition is to use a local mirroring of the fluid particles onto the other side of the solid boundary [26, 27] . At each time step an image of the flow is generated. The thickness of the mirror particle layer is slightly larger than the kernel radius to ensure that all kernels are complete. To exactly satisfy the free-slip condition, the tangent velocity is the same as that of the fluid particle, whilst the normal velocity is in opposite direction [21] . The mirror particle approach is used in this study; its efficiency has been underlined by Monaghan [13] .
As seen in Figs. 1 and 2, when two straight walls join at some point, a corner (geometric singularity) is formed.
To complete the support of the kernel associated with particles close to the corner, additional treatment is needed. For consistency, a similar idea as the mirror particle approach is applied. The empty space which is left behind the two walls is filled with corner mirror particles by applying a point-symmetry to the fluid particles near the corner. The treatment of geometric singularities with the fixed ghost particle method is described in [24] .
On the free surface two conditions need to be satisfied. The kinematic condition implies that a particle originally on the surface will remain on it. This is naturally satisfied by the Lagrangian particle movement. The dynamic condition (p = 0) is automatically satisfied too due to the SPH formulation of the continuity equation and spatial derivative [21, 28] . The automatic enforcement of the free surface conditions is an inherent advantage of SPH over traditional mesh-based methods.
The boundary conditions at the inlet and outlet are enforced by using the image particle approach [15, 20, 29] . An inflow buffer block is placed ahead of the planar inlet boundary. The thickness of the block is 2.5h, which is slightly larger than the support radius of the kernel. In the inlet block, there are predefined image particles (referred to as inlet particles). An inlet particle moves with its given velocity. After crossing the inlet and entering the fluid domain, it becomes a fluid particle and the flow field associated with it will evolve from the next step on. A new inlet particle is created at the upstream end of the inlet buffer block. Similarly, an outflow buffer block is placed behind the outlet boundary to ensure that the fluid flows out of the fluid domain freely. When a fluid particle leaves the fluid domain and enters the outlet block, it becomes an outlet particle whose properties will not change. It will be deleted after leaving the outflow buffer block at its downstream end. This is different from the non-reflecting SPH boundary proposed by Lastiwka et al. [15] , in which an extrapolation is necessary to calculate the flow fields in the buffer blocks. The inflow and outflow sections should be far enough from the bend to avoid any influence from the creation of inlet and removal of outlet particles [21] .
Kernel and its gradient
The use of different kernels W ab with different h is the SPH analogue of using different stencils in finite-difference methods [30] . Fulk and Quinn [31] analyzed 20 different SPH kernels and concluded that the bell-shaped kernels usually perform better than other shapes. The following bell-shaped cubic-spline kernel has been proven to be computationally accurate [7, 31] :
where q := r ab /h and the normalizing coefficient G is 10/(7hπ) for two-dimensional problems. The cubic-spline kernel and its derivatives are shown in Fig. 3 .
For free-surface flows, the smoothing length is generally taken as h = ηd 0 where η = 1.1 ∼ 1.33 [11, 20, 32] and d 0 is the initial particle spacing (particles are placed on a square lattice). Here we take η = 1.33 as in [20] . To avoid possible "pairing instability" resulting from a relatively large η [14] , the "hum" in the kernel gradient is removed by simply making the kernel gradient constant for q < 2/3 [33] (see Fig. 3 ). As discussed by Price [14] , "Whilst removing the hump cures the pairing instability, one should be careful about employing such a gradient in practice since the kernel gradient is no longer exactly normalized. The pairing instability is the main reason one cannot simply stretch the cubic spline to large neighbour numbers in order to obtain convergence." 6
Time stepping
Starting from an initial distribution (r a ) of particles with given mass m a (constant in time), densities ρ a and velocities v a , the basic equations (1), (2) are solved at each time step for each particle. For time integration Euler's forward method is used herein, which is first-order accurate, fully explicit, and conditionally stable. A recommended time step size satisfying the Courant-Friedrichs-Lewy (CFL) criterion is [22] :
where C CFL is a constant between 0 and 1. With Ma = |V|/c 0 the CFL condition (6) can be rewritten as
where the constant C = ηC CFL /(1+Ma) is taken as 0.2 herein. In addition, a time-step constraint related to acceleration has to be satisfied by [34] :
where |a| b = |Dv b /Dt| is the magnitude of particle acceleration and the minimum is over all particles.
To efficiently find and access neighbouring particles at each time step, the link-list algorithm with an optimized cell size [35] is used.
Numerical results
Two series of flow separation problems in rectangular channels are simulated. The right-angled elbow shown in The distribution of the pressure coefficient C p is shown in Fig. 6 , together with the results of Lichtarowicz and
Markland [2] and Mankbadi and Zaki [3] . The pressure coefficient is defined as
, in which p is the pressure along the outer wall AD. There are two ways to determine the SPH pressure p at steady state. One way is to derive it from the velocity distribution through the Bernoulli theorem, which is entirely consistent with the steady Euler equations. In this approach, the velocity along the wall is calculated first by interpolating the particle velocities than with those of Mankbadi and Zaki [3] . This is consistent with the conclusion of Chu [4] , that numerical errors may have been present in the method of the latter. The directly interpolated pressure distribution (not shown here) has less satisfying agreement with the theoretical solutions because of noise in the pressure field [20, 34] . Fig. 1 ) as shown in Table 1 . Note that the flow width DE ′ at the outflow section has a small variation in time due to particle fluctuations. Consequently, the evaluation of C c involves averaging over a certain time interval at steady -but slightly fluctuating -state. The calculated contraction coefficients agree very well with the theoretical ones. The maximum relative error is less than 1.5 percent. [20, 39] ;
* analytical solution given in [2] .
As shown in Table 1 , the contraction coefficient C c decreases as R b increases up to R b = 1.2. When R b becomes so large that the separation point C has no effect on the downstream flow, the current setup will be that of half of a jet emerging from a channel and impinging on an orthogonal plane [20, 21] . That is, when R b becomes large enough, the bend (i.e. outer wall AD) has no effect on the upstream parallel flow. Clearly, following the same definition, the contraction coefficient for that case is 1. That is, as R b → ∞ then C c → 1 [20, 39] . As a consequence, there will be a specific R b (between 1.2 and 1.3) having a minimum value of C c (about 0.5). On the other hand, when R b → 0, the contraction coefficient approaches another constant 0.611 [2] . This limit case cannot be simulated easily in the present method or any other mesh-based numerical method. In fact, when R b equals 0.5, the simulated flow has become so violent that the effect of the inlet location is not negligible anymore. Table 2 .
The numerical results are consistent with the theoretical predictions. The relative error is less than 1 percent. front (see Fig. 9a ), a large portion of it will turn downwards to the outer corner because there is no entrapped air to To avoid early-stage particle penetration, a possible way is to use a larger c 0 , i.e. c 0 = 95 m/s, to fulfill the requirement of low Mach number. This increases the pressure forces exerted by the mirror particles. However, when c 0 = 95 m/s is used, the Mach number at steady state will not be within the desired range ∆ρ/ρ = Ma 2 ∼ 1%. Hence a time-dependent speed of sound should be used at the expense of one more equation that needs to be solved (see e.g.
[40] for this new concept). In fact, there is a simpler way to avoid early-stage particle penetration without using a larger or time-dependent c 0 than practically desired. The initial flow is set up with a wedge front (the angle of which is larger than β) as shown in Fig. 9c . The maximum velocity during the early unsteady state is now reduced to 1.4 m/s and the particle distribution is less disordered (see Fig. 9d ). Although the ultimate free-streamline profiles at steady state show no significant change, the unsteady simulation becomes smoother, and the steady state is achieved earlier.
Another practical situation is the flow in branched channels as systematically studied by Hassenpflug [6] . To demonstrate the capability of the present method to simulate flow separation in branched channels, the first example of Hassenpflug [6] consisting of two perpendicular inlets with identical flow velocities is examined here, and the results are shown in Fig. 10 . To avoid double particle mirroring at the left inner corner, two orthogonal continuous walls [28] with a length of 2h were used for the enforcement of the free-slip condition. It is seen that for both the free streamline and the contact line of the two inflows, the computed solutions are consistent with the analytical solution.
The small differences are mainly due to the current coarse particle distribution and can be diminished by using more particles.
Concluding remarks
The problem of flow separation at bends with various leg ratios and turning angles has numerically been simulated by the SPH particle method. The obtained steady states are compared to analytical solutions from potential flow theory. For a right-angled bend with different ratios (R b ) of downstream to upstream channel width, the computed free-streamline trajectories agree well with the theory. The difference between the calculated and theoretical flow contraction coefficients is small, with a 1.5 percent maximum relative error. As R b increases, the contraction coefficient first decreases from 0.6 to a minimum value of 0.5 and then increases to a maximum value of 1. The corresponding limit case R b → ∞ corresponds to jet flow impinging on a perpendicular wall. For symmetric bends with various turning angles, the computed free streamlines and contraction coefficients match the theoretical results with a maxi-14 mum relative error of 1 percent. One example of flow merging in a branched channel has been simulated and good agreement with theory was found. The current SPH solver appears to be a powerful tool to deal with flow separation problems in channels. The steady solutions were in excellent agreement with theory; the unsteady solutions will be used to estimate impact forces on bends [18] .
